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Abstract

This paperintroducesa methodto usebinaryturbo codeswith high orderpulseposi-
tion modulation(PPM)andan avalanchephotodiodg APD) detectortypical of anoptical
communicationsystem.In generaltheturbocodesoutperformthe Reed-Solomorodes
usuallyrecommendedor this application. The simulationresultsare obtainedfrom an
accuratanodelingof the APD outputstatisticsjnsteadof Gaussiarmpproximationsvhich
areoftenusedbut which alsocanover-predictor undefpredictsymbolerrorprobabilities.

1 Introduction

Optical communicatiorsystemscurrentlyunderdevelopmentfor the deepspacechanneluse
high orderpulsepositionmodulation(PPM) asthe datamodulationformat. Informationbits
areencodedmodulatedusingM-ary PPM,transmittedbptically, andrecevedby anavalanche
photodiode(APD) detector For eachPPM symbol,the APD producedM soft outputscorre-
spondingo the outputelectroncountfor eachslot duration.

The exact distribution of outputelectronsfrom the APD hasbeengivenin [4, 8], but is
cumbersoméo use,andmaybeapproximatedery closelyby the Webbdensityfunction[13].
In addition, the follow-on electronicscontritute additive Gaussiarthermalnoiseto the APD
shotnoise. A simpleranalysisinvolvesmodelingboth APD shotnoiseand Gaussiarthermal
noiseasasingleGaussiamprocessin [5], it wasshovnthatfor 4-aryPPM,thepurelyGaussian
approximationoverestimate$PM symbol error probability in the region P < 0.01. In this
paperwe provide symbol error probability calculationsusing both the accurateWebb plus
Gaussiamimodelaswell asthestrictly Gaussiarapproximatiorfor 256-aryPPM,andshawv that
the Gaussiarapproximatiommay eitherover-predictor underpredictsymbolerror probability
by varyingdegreesdependingiponthe levelsof backgroundandsignallight levels. An upper
boundusingthe Webbplus Gaussiamixturedensityis providedasa moreuniform methodof
estimatingPPMsymbolerrorprobability.

Usingthe Webbmodelof APD shotnoise we canaccuratelysimulatethe performancef a
codedsystem We introducea binaryturbocodingschemedor high orderPPM,andcomparat
to equvalentrateReed-Solomorodes.Previouswork on codedPPMsignaling(seee.g.,[9])
hasconcentratedn Reed-Solomomrodesbecauseheir alphabetsizesare easily matchedo
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the PPM order resultingin a one-to-onecorrespondencbetweencode symbolsand PPM
symbols.Sinceevery Reed-Solomorodeis a maximumdistancecode,it might seemthatno
morepowerful codecouldbefoundfor this application.

However, adisadwantageof a Reed-Solomorodeis thatthe decoderdoesnot usethe soft
detectoroutputsdirectly, but insteadoperate®n decoded®PM symbolsanderasuresThisis
an inherentlimitation of Reed-Solomorodes,becausehereis no methodto modify Reed-
Solomoncodego make full useof the softinformation.We thushave themotivationfor using
turbo codeswhich arealreadyknown to have outstandingperformancen otherapplications
and can operateon the soft countsdirectly ratherthan having to useexplicit PPM symbol
decisions.

This papermakes threenew contritutions: (1) UncodedPPM symbol error probability
calculationdor 256-aryPPM,(2) A binaryturbocodingschemdor high orderPPMthatfully
utilizes soft information,and (3) A simulationof end-to-endBER performancdor baseline
Reed-Solomortodesandbinary turbo codesusing an accuratestatisticalmodel of the APD
detectorin theabsencef thermalnoise.

2 APD Receiver Modeling

Theaveragenumberof photonsabsorbedy anAPD illuminatedwith total opticalpower P(t)
in Ts second€anbeexpresseas
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whereh is Plancks constanty is the optical frequeng, andn is the detectors quantumef-

ficiengy, definedasthe ratio of absorbedo incidentphotons. The actualnumberof photons
absorbedn, is a Poissondistributedrandomvariablewith raten. The conditionalprobability
thatan APD generatesn electronsin responséo exactly n absorbegphotons,m > n, n > 0,

hasbeenshovn by Mcintyre to be[8]
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whereG is the averageAPD gain, and k is the ionizationratio. Averagingover the exact
numberof absorbeghotonswe obtain

MM = 3 p(min e, m>1 ©

asthedistribution of APD outputelectronggenerateaver Ts secondgjiventhe meannumber
of absorbedohotonsin that intenal. If no photonsare absorbedthenno electronscan be
generatedccordingto this model. Corversely no electronsaregenerateanly if no photons
have beenabsorbedHence,p(m=0[n) = p(n=0|n) = e ".

An approximationto Equation(3) hasbeenderived by Webb[13] and providesa much
simplerexpressiorfor the densityof min responséo the meannumberof photonsabsorbed:
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whereF = kG+ (2—1/G)(1—k). This densityis a continuousfunctionthatis definedfor
m > —AG/(F — 1), andintegratesto onein thatrange. The discreteprobabilitiesin (3) are
approximatedy evaluating(4) at integer valuesof m. Note that (4) is definedfor negative
valuesof m, providedm > —AG/(F — 1), eventhoughnegative m hasno physicalmeaning.In
thenumericalevaluationgpresentedhere,we calculatethe sumof the Webbdensityvaluesfor
m> 1, andassignto p(m= 0/n) thevalueof this sumsubtractedrom one.

Addedto therandomnumberof APD outputelectrongs anindependenGaussiarthermal
noisechagefrom thefollow-on electronics.Thetotal chageis thenintegratedover eachslot
time T, resultingin avectorof M independenbbserablesfor eachrecevedPPMword. It was
provenin [12] thatgiventheseobsenablesthemaximumlik elihooddetectoistructureconsists
of choosinghe PPMsymbolcorrespondingo the slotwith the maximumaccumulated¢hage
value. If ny and ng arethe meannumberof absorbedackgroundohotonsper slot andthe
meannumberof absorbedignalphotonsperpulse respectrely, the M-ary PPMsymbolerror
probabilityis
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wherep(x|n) is the probability densityfunction for the slot statisticgivenn meannumberof

absorbeghotonsover the slotduration.Sincethe slot statisticis arandomvariableconsisting
of the sum of independentWebb and Gaussiarrandomvariables,its densityfunction is the

convolution of theindividual densitiesandmaybe written as
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where@(x, um, %) is the Gaussiardensityfunction with meanp, = mg+ IsTs andvariance
0? = (2qls+ %L ) BTZ, asgivenin [5]. Here,q is the electronchage, k is Boltzmanns con-
stant,T is theequivalentnoisetemperatureB is the single-sidedhoisebandwidthandls is the

APD surfaceleakagecurrent. Note thatthe APD surfaceleakagecurrentis not multiplied by

the APD gainandis modeledhereasa constantDC current. The APD dark current,on the

otherhand,is multiplied by the APD gainandis modeledaspartof the backgroundadiation,
i.e.,it isincorporatednto thevalueof np.

An approachthatis sometimeausedto simplify calculationof PPM symbolerror prob-
abilities is to modelthe densityof the APD outputelectronchage as Gaussiarwith mean
qGn andvarianceg?G2Fn. Thenthe slot statisticconsistingof the sumof APD outputelec-
tronsandamplifierthermalnoiseis alsoGaussianandhasmeanu = qGn+ IsTs andvariance

02 = [ZquzF N4+ qlsTs+ 4K£TS} BTs. Althoughsimple,this approximatiordoesnot yield ac-

curateresultsover all regions of interest,as previously shawvn in [5] for 4-PPMand aswe
demonstratderefor 256-PPM.

3 Uncoded PPM Symbol Error Probabilities

Substituting(6) into (5), the PPMsymbolerrorprobabilitymaybe expresseds
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where®(x) is the Gaussiandistribution function ®(x) = [, \/%[e—uz/zdu. The expression
in (7) is difficult andtime-consumingo evaluateaccuratelyso an upperboundis calculated
instead. Although the union boundis commonlyusedfor suchM-ary orthogonalsignaling
problemsatighterboundwasdervedby Hughedq7] andis appliedhere.By observinghatthe
function f (u) = 1—[1—u]M-1is concaefor u € [0, 1], JensensinequalitygivesusE[ f (u)] <

f(E[u]). Lettingu= [ p(y|ny)dy and taking the expectationover x with densityfunction
p(X|np + ns), we canthenshaw that
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Thedoubleintegral within the bracletson the right handside of (8) is simply the probability
thata givenbackgroundslot hasa greaterelectroncountthanthe signalplus backgroundslot.
This may also be interpretedas the symbol error probability for equiprobablebinary PPM
signaling,denotedasPs(2), andgivenby
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sothatthe upperboundon the M-ary PPM symbolerror probabilitymaynow be expresseds
Pe(M) <1— (1-Pe(2))ML.

Althoughtheupperboundin (8) maybecalculatedelatively easily it doesrequirerepeated
evaluationof the Webb densityand nestedsummationandintegration. Use of the Gaussian
approximatiorto the APD statisticssavzes computationatime. Usingthis Gaussiarapproxi-
mation,the M-ary PPMsymbolerror probabilityis givenby
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Wherepb = qGMp + IsTs, ks = qG(Mp + Ns) + IsTs, 07 = [2q2c;2F b+ qlsTs+ 4“!}} BT, and

[2q2G2F (fp+ Ms) + qlsTs+ 4KTTS} BT [5].

Thetwo expressiondor evaluatingPPM symbolerror probability givenin equationg8)
and (10) were calculatedand comparedusingthe following parametersM = 256, Ts = 2
108 secondsk = 0.007,ls=2 10 ° amps,T =300 K, R= 14665, andB = 1/2Ts =
2.5 10’ Hz (1/2Ts is the noise equivalentbandwidthfor an ideal integrator over duration
Ts). Calculationswere performedfor several differentvaluesof n, andns. The APD gain
parametefs wasoptimizedfor eachpair np,ng by takingonthevalueresultingin minimum
PPM symbolerror probability The optimizationwasperformedseparatelyor the Webband
the Gaussiarmodels,resultingin different optimum gainsfor eachmodel. In additionto
numericalevaluation,Monte Carlo simulationsof the recever performanceunderthe Webb
modelwere performedin orderto obtainmore accurateresultsfor lower SNR regionsthan
thoseprovided by the upperbound(8). In the Monte Carlo simulations,the Webb deviates
neededo simulateAPD outputwere generatedisingthe inclusion-eclusionprinciple [10]
following the methodoutlinedin [11].

Fig.s1-2shaw plotsof Ps versus for threeparticularvaluesn,: 0.01,1.0,and100.0.The
threecurvesshavn aretheerrorprobabilityfor theWebbmodelobtainedhroughMonte Carlo




simulation,the upperboundfor the Webbmodelasgivenby (8), andthe error probability for
the Gaussiarapproximatiorasgivenby (10). Fromthesefigureswe seethatthe upperbound
(8) approachetheexacterrorprobabilityasgivenby theWebbsimulationasP. becomesmall.
In Fig. 1, theGaussiampproximatiorconsistentlyoverboundshesimulationerrorprobability,
whereasn Fig. 2, the Gaussiarcur\e first underboundshe Webbcurve for lower ng andthen
crossever andoverboundghe Webbcune asng increases.The cross-@er pointsoccurat
increasingvaluesof signalphotonlevel asthe backgrounghotonlevel increases.

4 Turbo-Coded M-ary PPM

4.1 Turbo Encoder

A rate1/3 turboencodeilis shavn in Fig. 3. It consistsof two rate 1/2 constituentcodesand
aninterleaver of lengthN. Theinputu = (uy, ..., uyn) is ablock of independentniformly dis-
tributedinformationbits. We usethetrellis terminationrmethodn [6], whichtakesmadditional
stepgo returntheencodergo theall zeroesstate.

In this paper the constituentcodesshall be rate 1/2, recursve, systematiaconvolutional
codes.The threeoutputsof therate1/3 turbo encodetincludethe systematidit xo, andthe
two parity bits x;p, andxzp. The permutedsystematidit from the secondcorvolutional code
is nottransmittecacrosghe channel.Thus,atotal of n = 3(N + m) bits aretransmittedor the
rate1/3 code. Thebits aregroupednto M-ary PPM symbols.For concretenessn this paper
M = 256.

4.2 Turbo Decoder

We useaturbodecodestructureandnotationasin [2], shavnin Fig. 4. Althoughthisstructure
wasdesignedasa turbo decoderfor a binary AWGN channelpart of its beautyis thateach
soft-input soft-output(SISO) moduleneednot know arnything aboutthe channelin orderto
operate—its computationis determinedcompletelyby the a priori distribution P(c;1) and
knowledgeof the codestructure. Thus,giventhe a priori probability distributions, the turbo
decodeoperatesn theusualway. Detailsarecontainedn [1-3,6].

To properlyinitialize theturbodecoderwe mustdeterminghea priori probability of code-
wordsfor eachconstituentodel! Letc= (co, c1) denoteapossibleconstituentodecodevord.
Asin [2], wedefineP(c;1) = PF(c;l) ,fork=1,... ,N+m, wherefor SISO1

P(c;1) = Pr[codavord (Xo, X1p) is ¢ attimek| all softcountsfrom all symbols]
(11)

andfor SISO2

F(c;1) = Pr[codavord (Ti(xg), X2p) is € attimek| all softcountsfrom all symbols]
(12)

Note thatall soft countsin the conditioningin Equationg11) and(12) areirrelevantto com-
puting B (c; 1) exceptthosefrom PPM symbolsthatcontainthe kth constituentodevord bits.

1By “a priori” probability, we meanthatthereis conditioningon the the recever decisionstatistics,but no
conditioningon the turbo codestructure,i.e., for the purposef computingP c;1 , the component®f ¢ are
assumedo be independenanduniformly distributed. This the usualmeaningin thethe context of turbo codes;
in othercontexts, conditioningon recever statisticsvould betermeda posteriori.
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Figure 1: Comparisonof error probabilitiesusing Webb and Gaussiarmodels,n, = 0.01,
optimizedgain.
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Figure2: Comparisorof error probabilitiesusingWebband Gaussiaimmodels,n, = 1, opti-
mizedgain.
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Figure3: Ratel/3 TurboEncoder
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Figure4: Turbodecoder

Thatis, a soft countdoesnot give informationabout(Xo, x1p) unlessit is a soft countfrom a
PPMsymbolthatdepend®n Xg or Xqp.

To computeP(c; 1), therearetwo casedo consider We considerSISO1 here;theanalysis
is identicalfor SISO2, exceptthat (o, X1p) is replaceddy (T1(Xo), X2p)-

Case 1: Thebits (xo, x1p) which formthekth constituentodevord are groupedinto two sepaate
PPM symbolepodiss andt.

In this case et Xo bethelth bit of the sth PPMsymbol,let x;, be the mth bit of thetth

PPMsymbol,andlety = (yo, ..., Y255 andz = (2o,... , Z55) denotethetwo setsof soft
countsfrom thetwo transmitted®PMsymbols.Then

P(c 1) = PF((co,c);l)

= P(bit| of sth PPMsymbolis cy|y) (13)
P(bit m of tth PPMsymbolis ¢ |z) (14)

(aIZ)

= 2 P(aly) :
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whereEquation(14) follows by theindependencef the soft countsfrom onePPMsym-
bol to the next, andwherein Equation(15) a is the 8-bit vectordefininga 256-PPM
symbol.

(15)

Case 2: Thebits (Xo, X1p) Which form the kth constituentcodevord are groupedinto the same
PPM symbolepodt s.
In this case Jet xg be thelth bit of the sth PPM symbol,let x;, bethemth bit of the sth

PPMsymbol,andlety = (yo, ..., Y255 denotethe setof soft countsfrom the sth PPM
symbol.Then

R(cl) = R((co,c)il)
= P(bit| andm of sth PPMsymbolis ¢y andcy, resply)
> P(ay). (16)
a=(a1 _ ag)
8 =Co
am=C1

In either Casel or Case2, we needto computethe probability that a given 256-PPM
symbola = (ay,...,ag) wastransmitted givenits correspondingetof 256 soft countsy =



(Yo, - - - ,Y255). Althoughwe mustomit the details,it canbe shovn by standardisageof Bayes
rule, independencef the slot statistics,anda priori equiprobabilityof eachslot containinga
pulse that

P(aly) = (17)

_a
X Al
wherewe usea ashotha PPM symbolandanindex to a slot, andwherel; is thelikelihood
ratio of the ith slot containinga signal pulsegiven the soft countin thatslot, i.e., the ratio
of Equation(4) with n = n, + ng to Equation(4) with n = n,. Equation(17) may be usedin
Equationg15) and(16) to computethea priori probabilitiesneededor the SISOmodules.

5 Performance Simulations

Usingthemethodof the previoussection simulationsvereconductedor rate1/3 turbocoded
256-PPManda typical APD detector The constituentodeshadeither4 statesandidentical
generator®f (5/7)0q, Or 8 statesandidenticalgenerator®f (17/15)0¢. Theinterleaver had
length 16382andrepresente@ randompermutation. The signal varied from ng = 20 to 30
photons/slotandthebackgroundntensitywasfixedatn, = 10 photons/slotWe usedthesame
APD parameterasin Section3, exceptthatthegainwasfixedat80,andwe usedheshotnoise
limited casej.e.,we assumedhggligible additive thermalnoisein the APD. Theturbodecoder
performedlO iterationsbeforebit decisionsveremade.The simulationswerecontinueduntil
100errorcontainingblockswereprocessedThis typically involvedthe simulationof 10,000
or morebit errors.

Reed-Solomormperformancewvas determinedby simulatingthe soft countsusing a pro-
gramto generatéVebbdeviates,computingthe resultingPPM symbolerrorrate (SER)when
the maximumlik elihoodrule is used[12], andusinga formulafor the performanceof Reed-
SolomoncodebasednthatSER.Erasuresverenot considered.

Fig. 5 shaws the performanceof rate 1/3 coded256-PPMas a function of input SER.
(Fig. 6 shaws the samesimulationdata,as a function of ns.) Sincethe turbo decoderdoes
not make an explicit determinationof PPM symbols,the input SER is technically not de-
fined for turbo codes;the SER usedin the plot is that which would have occurredhadthe
maximumlik elihood rule beenusedto make PPM symbol decisions. The three curves for
turbo codesrepresenthe 4-statenoninterleaed PPM, 4 stateinterleaved PPM, and 8 state
interleaved PPM simulations. By noninterleaed PPM, we meanthat the bits at the output
of the turbo encoderare groupedinto 8-bit blocksdirectly and PPM modulated. This order
IS (X0, X1p, X2p, X0, X1p; X2p, - - - ; X0, X1p, X2p)- FOr the interleaved PPM, the orderof the bits has
beenpartially randomizedbeforegroupinginto PPM symbols. The effect of the interleaver
beforethe modulatoris to spreadutrelatedbits into differentPPMsymbols.
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