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An Analytic Techniqueto SeparateCochannelFM
Signals

JonHamkins, Member, IEEE

Abstract— A new technique is presentedto separatetwo cochannelFM
signals.Two candidatesolutionsfor the phasesareanalytically derived,and
a sequenceof phasesolutions is chosento match the expectedpower spec-
tral densityof eachconstituentsignal. This is accomplishedwith a one-step
linear predictor and a simple two-stateViterbi algorithm. Simulations on
recordedRF data indicate improved separationcapability over other tech-
niquessuchas the joint Viterbi algorithm and cross-coupledphase-locked
loop.

Index Terms—Cochannelsignalseparation,cochannelinterference,blind
adaptation, MMSE, FM

I . INTRODUCTION

HEN two or moresignalsusethesamefrequency band,
they createcochannelinterference. Such interference

arisesfrom in airbornereceptionwheremultiple groundtrans-
mittersarevisible at thereceiver, andin frequency reusein cel-
lular systems,whereit is oneof themajor factorslimiting sys-
temcapacity[1].

Thecomplex basebandrepresentationof asampledcochannel
FM signalis

r
�
n ��� A

�
n � e jθ � n ��� B

�
n � e jφ � n �
	 (1)

Whenno confusioncanresult,thesubscriptn will bedropped.
Initially, assumethat there is no noiseand that A and B are
known positive quantitiesandvary slowly comparedto θ and
φ. Theseassumptionswill bedroppedlater. GivenA, B andr,
accurateestimatesof θ andφ aredesired.

I I . ANALYSIS

Onemight expectthatwith oneequationandtwo unknowns
therearetwo possiblesolutionsfor thephases.However, previ-
ouswork [2–8] hasnot attemptedto explicitly determinethese
solutions, relying insteadon tracking loops or other estima-
tors. In thissection,thephasesolutionsarederivedanalytically.
FromEq.(1),�

r
� 2 � �

Ae jθ � Be jφ � 2 � A2 � B2 � 2ABcos� φ 
 θ ���
andthus

cos� φ 
 θ ��� �
r
� 2 
 A2 
 B2

2AB
	 (2)

The author is with the Jet Propulsion Laboratory, California Institute
of Technology, 4800 Oak Gove Drive, Pasadena,CA 91109-8099(email:
hamkins@jpl.nasa.gov).

The researchdescribedin this paperwas carriedout by the Jet Propulsion
Laboratory, California Institute of Technology, undera contractwith the Na-
tionalAeronauticsandSpaceAdministration.

Fromr � e jθ � A � Be j � φ � θ � � , it follows that

e jθ � r

A � Be j � φ � θ � � r � A � Be � j � φ � θ � �
A2 � B2 � 2ABcos� φ 
 θ �� r � A � Be � j � φ � θ � ��

r
�
2

	
Hence,θ � arg

�
r � A � Be � j � φ � θ � ����� arg

�
r � A � Bcos� φ 
 θ ��


jBsin� φ 
 θ ����� 	 By thesymmetryof Eq.(1), it alsoimmediately
followsthatφ � arg

�
r � B � Acos� φ 
 θ � � jAsin� φ 
 θ ����� 	 By let-

ting D ��� � r � 2 
 A2 
 B2 ����� 2AB ��� cos� φ 
 θ � , thesolutionsare
givenby

θ � arg � r � A � BD � jsB  1 
 D2 ��! (3)

φ � arg � r � B � AD 
 jsA  1 
 D2 � ! �
wheres "$#%
 1 � � 1 & . The phaseshave now beendetermined
exactly asa functionof A, B, andr, to within oneof two possi-
bilities.

I I I . THE TRACKING ALGORITHM

For a singlesampler
�
n � , thereis no reasonto preferoneso-

lution for θ
�
n � andφ

�
n � over the otherpossiblesolution. How-

ever, asequenceof solutions	�	�	 � θ � n 
 2� , θ
�
n 
 1� , θ

�
n � , 	�	�	 , and	�	�	 � φ � n 
 2� , φ

�
n 
 1� , φ

�
n � , 	�	�	 , canbechosenthathastheband-

width (or spectraldensity, if known) expectedof theunderlying
modulatedphase.

A two-statetrellis is setup. Thefirst statecorrespondsto s � 1
in Eq. (3), andthesecondstatecorrespondsto s �'
 1. These-
quenceof solutionchoiceswill betracedthroughthetrellis us-
ing aViterbi algorithm.Storedateachstateattimen arehypoth-
esizedphasesolutions � θ̂ � n ��� φ̂ � n �
� determinedfrom Eq. (3), as
well astheinstantaneousfrequencies� θ̂ ( � n �)� φ̂ ( � n �*� , calculatedby
finite differenceswith phasestracedbackto time n 
 1. In addi-
tion,eachstateattimen storesaprediction � θ̂ (p � n � 1�)� φ̂ (p � n � 1�*�
of theinstantaneousfrequenciesat time n � 1.

Thebranchmetricfrom statei at time n 
 1 to statej at time
n is thesquareddifferencebetweenthepredictedinstantaneous
frequency θ (p � n � from statei andthehypothesizedsolutionθ ( � n �
from state j, addedto the similar squareddifferencefor φ ( � n � .
The Viterbi algorithm operatesby computingthe four branch
metricsat eachtime step,storingan accumulatedmetric, and
tracingbackwardsin thetrellis to find thecorrectsolution.

An mth order Levinson-Durbin linear predictor is usedto
computetheone-stepinstantaneousfrequency prediction.It has
theform

θ̂ (p � n � 1�+� m

∑
i , 1

aiθ̂ ( � n � 1 
 i � 	
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A similar linear predictoris usedfor φ̂ ( � n � 1� . The Levinson-
Durbin algorithm is the linear minimum-meansquarederror
(LMMSE) estimatorfor the instantaneousfrequencies.This is
a standardtechnique,and is closely relatedto a Kalman fil-
ter and the EM methodfor parameterestimationfor Markov
models[9]. Thecoefficientsai aredeterminedasfollows. Let
ri � E � θ ( � n � θ ( � n 
 i �*� , let v �'� r1 � 	�	�	 � rm � T , andlet

Rm � -.../ r0 r1 0�0�0 rm � 1

r1 r0 0�0�0 rm � 2
...

...
. . .

...
rm � 1 rm � 2 0�0�0 r0

132224 	
Thenthe coefficientsaregiven by a � R � 1

k � 1v. Thereis an ef-
ficient iterative techniqueto determinethe mth order coeffi-
cients from the � m 
 1� th order coefficients, so that comput-
ing the inverseof the large autocorrelationmatrix is not nec-
essary[10]. An estimateof ri may be obtainedby assuming
a flat power spectrumdensity for θ ( with a sharpcutoff at B
Hz. TakingtheinverseFouriertransformgivesri � sinc� 2iBTs � ,
whereTs is the samplingrate. For example,if the bandwidth
is 4 kHz. andTs � 1 � 132300sec.,thenfor a fourth order lin-
ear predictor, v �5� 0 	 993996� 0 	 976115� 0 	 946741� 0 	 906506� T
and a �6� 3 	 96459��
 5 	 92481� 3 	 95553��
 0 	 995421� T. If more
is known aboutthespectralcharacteristicsof θ ( , thenthecoef-
ficientsmaybedeterminedfrom moreaccuratelydeterminedri

values.

IV. AMPLITUDE TRACKING

The analytic techniqueabove relies on known valuesof A
andB, but in a real systemthe amplitudesarenot known, and
furthermore,will slowly vary. A heuristicalgorithmis usedto
track thesevariations. For the purposesof amplitudetracking
onecanassumethatθ andφ areuniformly distributedin

�
0 � 2π � .

Consequently, � θ 
 φ � mod2π is alsouniform in
�
0 � 2π � .

One simple heuristic for amplitudetracking is to compute
the maximumandminimum valuesof

�
r
�
i � � over i � 1 � 	�	�	 � n,

wheren is chosensuchthatA
�
i � andB

�
i � donotvaryappreciably.

Assumingwithout lossof generalitythat A 7 B, the minimum�
r
�
i � � will becloseto A 
 B andthemaximumwill becloseto

A � B, from whichestimatesof A andB canbedetermined.Un-
fortunately, it turnsout thatthis heuristicdoesnot performwell
in thepresenceof noise.

A betterperformingheuristicis obtainedby usingthemedian
M of

�
r
�
1� � 2 � 	�	�	 � � r � n � � 2. Define

X � 1
n

n

∑
i , 1

�
r
�
i � � 2 (4)

Y � 2
n ∑

i: 8 r � i �98 2 : M

�
r
�
i � � 2 (5)

Z � 2
n ∑

i: 8 r � i �98 2 ; M

�
r
�
i � � 2 	 (6)

Sincetheexpectedvalueof
�
r
� 2 is givenby

E
�<�

r
� 2 ��� E

�
A2 � 2ABcos� θ 
 φ � � B2�=� A2 � B2 �

it followsthatX > A2 � B2 for reasonablylargen. Conditioning
on the event cos� θ 
 φ �@? 0, it follows that � θ 
 φ � mod2φ is
uniform in

�
0 � π � 2��A �

3π � 2 � 2π � Therefore,

E
�B�

r
� 2 C cos� θ 
 φ �D? 0�� E
�
A2 � 2ABcos� θ 
 φ � � B2 C cos� θ 
 φ �D? 0�� A2 � B2 � 2ABE E*F π G 2

0
� 1� π � cosαdα� F 2π

3π G 2 � 1 � π � cosαdα H� A2 � B2 � 4AB � π
Similarly,

E
�<�

r
� 2 C cos� θ 
 φ �JI 0�=� A2 � B2 
 4AB � π 	

Thus,Y > A2 � B2 � 4AB � π, andsimilarly Z > A2 � B2 
 4AB � π.
If

Â � 1
2 K�L X � π

2
� Y 
 X � � L X � π

2
� Z 
 X ��M (7)

B̂ � 1
2 K L X � π

2
� Y 
 X ��
 L X � π

2
� Z 
 X � M � (8)

thenÂ > A andB̂ > B. Usingonly thenormsof r over a setof
samples,A andB canbeestimatedfairly accurately.

V. NOISE

WhennoiseN
�
n � is addedin the right-handsideof Eq. (1),

the solution in Eq.s(3), (7), and(8) is no longeraccurate.In
particular, sincethenoiseN

�
n � is unknown, cos� φ 
 θ �D�N� � r 


N
� 2 
 A2 
 B2 �O�=� 2AB � is also unknown. For small levels of

noise,D maybedefinedasin SectionII asanapproximationfor
cos� θ 
 φ � . Or, thefollowing correctioncanbeappliedto obtain
a slightly improved,unbiasedestimate:

D �'� � r � 2 
 σ2 
 A2 
 B2 �O�=� 2AB ��> cos� φ 
 θ �P�
whereσ2 � E

�<�
N
� 2 � . Similarly, Eq.s(7) and(8) may be bias-

correctedwith

Â � 1
2 K L X � π

2
� Y 
 X �Q
 σ2 � L X � π

2
� Z 
 X �Q
 σ2M

B̂ � 1
2 K�L X � π

2
� Y 
 X �Q
 σ2 
 L X � π

2
� Z 
 X �Q
 σ2M 	

VI. PERFORMANCE

Two typesof datawereusedin thesimulations.Thefirst type
consistedof softwaregeneratedsignals,in which voicesignals
were FM modulated,adjustedin power, and addedto form a
simulatedcochannelFM signal. This representsa completely
noiselessscenario. The secondtype of simulation was con-
ductedon signalsrecordeddirectly from UHF narrowbandFM
radios.

Both typesof signalswereprocessedon a Pentium166run-
ning the separationalgorithm offline. Parametersusedin the
programincludedthe samplingrate, decodingdelay, order of
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TABLE I

COMPARISON OF COCHANNEL SEPARATION METHODS ON SIMULATED

DATA .

Freq. SIR Cross-coupled Joint Analytical
Dev. (dB) PLL Viterbi Technique
(kHz) (MSE) (MSE)

12 6 0.06/0.48 0.09/0.45 0.00/0.00
12 1 1.28/0.75 0.59/0.66 0.00/0.00
8 6 0.09/0.87 0.16/0.96 0.00/0.00
8 1 1.32/0.79 0.71/0.97 0.00/0.00
12 30 –/– –/– 0.00/0.00

the Levinson-Durbinlinear predictor, and the modulatingsig-
nal bandwidthsof the cochannelsignals. The programreadin
theparameters,computedthe linearpredictorcoefficientsfrom
the samplingrateandbandwidths,and thenbeganthe Viterbi
algorithmasdescribedin theprevioussection.

There were five test casesfor the simulateddata set. In
eachcasethe the first signal is a male voice and the second
signal is a female voice. In all cases,the samplingrate is
132300Hz., (to matchwith previouswork for the joint Viterbi
[7] andcross-coupledphase-lockedloop [8]), theSNRis infin-
ity, a fifth order linear predictoris usedunderthe assumption
of flat 4 kHz. bandwidthmodulatingsignals,and the decod-
ing delay is 1. The SIR and frequency deviations were var-
ied. Table I gives the normalizedmean-squarederror (MSE)
betweenthe true andestimatedinstantaneousfrequencies,i.e.,
∑n � θ̂ ( � n �R
 θ ( � n �*� 2 � ∑n θ ( � n � 2 and ∑n � φ̂ ( � n �Q
 φ ( � n �*� 2 � ∑n φ ( � n � 2 �
andcomparesit to thecross-coupledphase-lockedloop andthe
joint Viterbi algorithm.In all cases,boththedominantandsub-
dominantsignalswereseparatedperfectly, to within thefloating
point precisionof the computer(normalizedMSE of 10� 20 or
less),i.e., the correctbranchof the trellis waschosenat every
step. In addition,theone-steplinearpredictoritself is very ac-
curate;in everycase,theaveragedifferencebetweenthelinearly
predictedphaseandthe phasegiven by the chosenstateis 1.5
degreesor less.Furthermore,theamplitudeestimationis nearly
perfectaswell, sincethesignalsarenoiseless.

Eachtestcasein therecordedRFdatasetconsistsof afemale
dominantvoiceandamalesubdominantvoice.Here,thesample
rate is reducedto 40kHz. Added impairmentsincludednoise
(SNR = 10-50dB), Doppleroffset (0Hz or 1000Hz),andSIR
(6dB, 10dB, or 20dB). The SNR is definedas the ratio of the
dominant signalenergy to thenoiseenergy.

Fig. 1 shows the normalizedmean-squarederror of the in-
stantaneousfrequency tracking. As a rule of thumb,an MSE
lessthan1.0 correspondsto an intelligible output. As canbe
seen,the dominantsignalwasextractedwith excellentquality
throughouttheSNRrangefrom 10-50dB,andthesubdominant
signalwas intelligible whenever the SNR washigher than the
SIR by at least20dB. The algorithm demonstratesrobustness
againstvarying SIR’s, and also againstvarying amplitudes—
therecordedsignalsvariedin amplitudeby about2 dB over the
lengthof the sample.Whenthe amplitudesareassumedto be
known, Fig. 1 indicatesthat the performancedoesnot flatten

out asquickly in the high SNR region. A final testin which a
Doppleroffsetof 1kHzwasaddedto thesubdominantsignaldid
not appreciablyalter the phase-trackingperformanceshown in
Fig. 1.

Fig. 2 shows the normalizedmean-squarederror of the am-
plitude tracking using the analytic algorithm when a win-
dow length of 5000 samplesis used, i.e., ∑i , n � 4999

i , n � Â � i �R

A
�
i �*� 2 � ∑i , n � 4999

i , n A
�
i � 2 and∑i , n � 4999

i , n � B̂ � i �P
 B
�
i �*� 2 � ∑i , n � 4999

i , n B
�
i � 2 	

As SIR increases,the dominantsignal amplitudeis easierto
track(becauseof lessinterference),andthesubdominantsignal
itself is harderto track(becauseof its lowerpower).

Theseresultsare in stark contrastto the joint Viterbi algo-
rithm andcross-coupledphase-lockedloop,whichwerenotable
to separatethe recordedfield datareliably in any SNR or SIR
region in Fig. 1. For example,whenthejoint Viterbi algorithm
wasusedwith SIR=6dBandSNR=∞, theresultingphaseMSE
was0.34 for the dominantand1.66 for the subdominant.The
cross-coupledphase-lockedloophadsimilarperformance.

VI I . CONCLUSIONS

Thisnew analytictechniqueis capableof excellentseparation
in a low noiseenvironment. This hasbeenverified by testsof
both simulatedandfield data. An extensionto M 7 2 signals
is straightforward,with theuseof a trellis with 2M � 1 states.It
appearsthatin orderto successfullydemodulatea subdominant
signal,abouta 20dB power separationmustexist betweenthe
subdominantsignal and the noise. Furtherrefinementsof the
algorithmmaymake it moreresistantto noise.

Acknowledgement: The author thanksan anonymous re-
viewer for pointingout theneedfor AWGN biascorrections.
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[1] G. L. Stüber, Principles of Mobile Communication. Boston,MA: Kluwer
AcademicPublishers,1996.

[2] C. R. Cahn,“Phasetrackinganddemodulationwith delay,” IEEE Trans.
Inform. Theory, vol. IT-20,pp.50–58,Jan.1974.

[3] F. Cassara,H. Schachter, andG. Simowitz, “Acquisition behavior of the
cross-coupledphase-locked loop FM demodulator,” IEEE Trans. Com-
mun., vol. COM-28,pp.897–904,June1980.

[4] T. Mizuno and O. Shimbo, “Responseof an FM discriminator in the
presenceof noiseanda cochannelinterference,” IEEE Trans. Commun.,
vol. 42,pp.3003–3009,Nov. 1994.

[5] A. M. Pettigrew, “The amplitude-locked loop, the theory andoperation
of the FM 201/5high performanceFM demodulator.” Ampsyscompany
document,1996.

[6] K. Giridhar, J. J. Shynk,A. Mathur, S. Chari,andR. P. Gooch,“Nonlin-
eartechniquesfor thejoint estimationof cochannelsignals,” IEEE Trans.
Commun., vol. 45,pp.473–484,Apr. 1997.

[7] J. Hamkins,“Joint Viterbi algorithmto separatecochannelFM signals,”
in IEEE Int. Conf. Acoustics, Speech, Signal Processing, (Seattle,Wash-
ington),May 1998.

[8] E. H. Satorius,“Co-channelFM voiceseparationvia crosscoupledphase
locked loops,” in IEEE Int. Conf. Acoustics, Speech, Signal Processing,
(Seattle,Washington),May 1998.

[9] V. KrishnamurthyandR. J.Elliott, “A filteredEM algorithmfor joint hid-
denMarkov modelandsinusoidalparameterestimation,” IEEE Trans. Sig-
nal Processing, vol. 43,pp.353–358,Jan.1995.

[10] A. GershoandR. M. Gray, Vector Quantization and Signal Compression.
Boston,MA: Kluwer AcademicPublishers,1993.



IEEE TRANSA
�

CTIONSON COMMUNICATIONS,VOL. XX, NO. Y, MONTH, 1999 4

Known amplitudes
Estimatedamplitudes

20

6

SIR=20dB
10

6

SNR,dB

M
ea

n
sq

ua
re

de
rr

or
,n

or
m

al
iz

ed

504540353025201510

10

1

0.1

0.01

0.001

0.0001

Fig. 1. Instantaneousfrequency trackingperformanceof theanalyticcochannel
separationtechnique.The lower setof curvesarefor the dominantsignal;
theupperset,for thesubdominantsignal.
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Fig. 2. Amplitude tracking performanceof the analytic cochannelseparation
technique.


